Abstract: In this article we focus on constructing a new family of spatially anisotropic Lifshitz spacetimes with arbitrary dynamical exponent z and constant negative curvature in d+1 dimensions within the framework of the Einstein-Proca theory. The constructed metric tensor depends on both the spacetime dimensionality and the critical exponent, while the curvature scalar depends just on the number of dimensions. We also obtained a novel spectrum with negative squared mass that respects the corresponding Breitenlohner-Freedman bound. Hence these new solutions are stable and can be useful within the gravity/condensed matter theory holographic duality, since the spectrum with negative squared mass is complementary to the positive ones already known in the literature.
Introduction
The main idea of the gauge/gravity duality is that we can establish a relationship between the physics of a field theory in d dimensions and the physics of gravity in d + 1 dimensions. Gauge/gravity duality is of fundamental importance since it provides new links between quantum theory and gravity. It also has led to new concepts in mathematics and physics, and provides new tools for solving problems in many areas of theoretical physics [1, 2] . The most important and so far best understood example of this holographic principle is the so-called anti-de Sitter/conformal field theory (AdS/CFT) correspondence, proposed by Maldacena [3] (for a modern comprehensive review see [4, 5] ). This duality establishes a relationship between backgrounds with negative curvature and conformal field theories with one less (non-compact) spatial dimension. An interesting extension of this duality is the study of models that arise in condensed matter physics, particularly those describing quantum critical systems [6] [7] [8] [9] [10] [11] [12] . The quantum critical theories arising in condensed matter systems are scale invariant where, in general, space and time need not scale equally [13] . Furthermore, these quantum critical systems are difficult to study using traditional methods based on weakly interacting quasiparticles and exhibit non-relativistic scaling symmetries of the form t −→ t = λ z t,
where λ is an arbitrary constant with dynamical critical exponent z = 1. These symmetries, present at quantum critical points, provide a strong kinematic connection to some versions of the AdS/CFT correspondence. The transformations (1.1), known as Lifshitz scaling, are encoded in the asymptotic symmetry group of the conjectured gravitational dual theory. It is worth mentioning that since 1941 Lifshitz showed that systems that are invariant under the anisotropic scaling transformation (1.1) appear within the framework of condensed matter physics [14] . Notably, field theories invariant under the anisotropic scaling transformations (1.1) improve their high energy behavior [15] [16] [17] [18] [19] [20] [21] [22] [23] . In particular, using these transformations, Hořava formulated a modified gravity which seems to be ghosts free and power counting renormalizable for z = 3 [24] . This modified gravity has dynamical inconsistencies [25] , but quite soon healthy extensions of it were found [26, 27] . Remarkably, Hořava gravity predicts that the spectral dimension of spacetime reduces at short distances [28] . Other interesting properties of the Hořava gravity can be seen in [29] [30] [31] [32] [33] [34] [35] [36] [37] . In order to obtain geometries like (1.1), with anisotropic scaling of space and time, it is clear that an anisotropic energy-momentum tensor is needed to source the gravitational field. An early manifestation of this idea is based on four-dimensional gravity with a vector and a 2-form that interact via a topological coupling [38] . However an equivalent (and simpler, for our purposes) formulation is obtained as a result of considering gravity coupled to a massive vector field [1, 39] . Given that additional structure beyond pure Einstein gravity is necessary to have a Lifshitz metric as the ground state. It is important to understand the physics that is necessarily included in the theory with the addition of the Proca vector field, since it turns out that the Proca field is hodge dual to the two form action originally used in [38] .
It is worth mentioning that while observables in gravitating systems can be difficult to characterize, because the spacetime itself is dynamical, in the case when the spacetime has a boundary (e.g. Lifshitz spacetime), observables can be defined on the boundary of such spacetime [11] . In the holographic correspondence, bulk fields correspond to operators in the dual field theory. The essential holographic dictionary was first formulated by Gubser-KlebanovPolyakov and Witten (GKPW) [40, 41] . However, in [11] we have at hand a comprehensive review of the connection between bulk fields and operators in the dual field theory that turns out to be completely general. There we observe that the important relation is Here φ (0) is the boundary value h of φ (where φ is a bulk field), and φ (1) is the expectation value < O > of φ. Furthermore, it is important to mention that since the relations (1.2)-(1.3) are completely general, then, for instance, the source could be the chemical potential and the expectation value, the charge density, or the source could be an electric field and the expectation value, the electric current [11] .
Motivated by the fact that Lifshitz spacetimes are currently relevant since they are duals to quantum critical theories used to describe strongly coupled systems in condensed matter. Concrete examples of such systems are high temperature superconductors, whose physical properties are governed by non-relativistic quantum critical points, and unitary fermions, i. e. fermion whose interaction are fine-tuned to produce a non-relativistic scale invariant system. Moreover, non-relativistic holography is interesting by itself as an example of a gauge/gravity correspondence without asymptotically AdS spacetimes, and, hence it could shed some light on fundamental and general questions of the holographic principle [1] . Therefore, in this paper we shall focus on constructing a new family of exact solutions to the Einstein-Proca equations that represent Lifshitz spacetimes with arbitrary dynamical exponent z and constant negative curvature in d + 1 dimensions.
This paper is organized as follows. In section 2 we review Anti-de Sitter and Lifshitz spacetimes. In section 3 we introduce the Einstein-Proca theory and quote a new family of exact solutions to the Einstein-Proca field equations that have Lifshitz symmetry. The following section contains a discussion on the novel spectrum with negative squared mass that respects a Breitenlohner-Freedman bound. We conclude in section 5 with a short summary and conclusions.
2 Anti-de Sitter and Lifshitz spacetimes
Anti-de Sitter spacetimes
The geometry of the Anti-de Sitter spacetime is given by the following metric (in Poincaré coordinates)
where i = 1, 2, ..., D in a spacetime of D + 2 dimensions, is the AdS radius [4] . The boundary of AdS is found in r → ∞. Anti-de Sitter space is a solution of the Einstein equations with a cosmological constant. Starting from the action
where d is the number of spatial dimensions of this gravity theory, therefore d = D + 1 and Λ is a negative cosmological constant, then Einstein equations are
and the curvature scalar reads
which evidently is negative definite for any dimension and possesses an arbitrary factor given by −2 .
Lifshitz spacetimes
On the other hand a Lifshitz invariant theory is spatially isotropic and homogeneous, i.e., is invariant under space and time translations and spatial rotations:
in addition, a Lifshitz theory admits the non-relativistic scaling symmetry
where the parameter z is the dynamical exponent. The symmetry group consisting of (H,
Furthermore, a generalization of a Lifshitz invariant theory takes place when considering a spatially anisotropic metric, i.e. when now a Lifshitz theory admits the following nonrelativistic scaling symmetry
7)
where the z i are critical exponents. The simplest Lifshitz geometry [38] is given by the following metric 
Einstein-Proca theory and Lifshitz spacetimes
In this section, we study the Einstein-Proca theory of a massive vector field coupled to gravity. Thus, we use the following action 1
where F µν is the vector field strength, A µ is a massive vector field and M is its mass, and the Greek indices run from 0 to D + 2. The Einstein-Proca equations of motion following from this action are
whereas the Proca equations read 1 It is important to note that there is no gauge invariance of the action (3.1).
In this paper we will be interested in obtaining new anisotropic Lifshitz spacetimes of the Einstein-Proca theory. Thus, we shall start with the following metric ansatz
where again i = 1, 2, ..., D. Without loss of generality we shall consider the case in which the only non-trivial component of the vector field is A t . This requirement is consistent with the fact that the mixed components of the energy-momentum tensor T tr , T ti and T ir must vanish since we are considering a diagonal metric ansatz. Therefore under the ansatz (3.4) the Einstein-Proca field equations consist of the following four nonlinear ODEs for the three unknown functions f (r), p(r) and A t (r):
where primes denote derivatives with respect to the r coordinate.
It turns out that the curvature scalar (or Ricci scalar) for the metric ansatz (3.4) reads
In order to solve the field equations (3.5)-(3.8), it is convenient to use the following ansatz
where z is an arbitrary number. As a result of substituting this ansatz into the field equations (3.5)-(3.7), we obtain a differential equation for p(r) with the following Lifshitz solution:
which manifestly depends on the spacetime dimensionality D and the critical exponent z, and allows for a plethora of powers of r for the metric function p(r) different from those so far reported in the literature, where p(r) = r ±2 (see [1] , [39] for instance). For these metric functions the non-vanishing component of the massive vector field is
where c is an arbitrary real constant. On the other hand, the parameters of the theory read
14)
an interesting and novel feature of the aforementioned Lifshitz solution is that it possesses a spectrum with negative squared masses. However, these modes of the massive vector field must satisfy a Breitenlohner-Freedman bound (see next section). Thus, the full metric is expressed as follows
which is invariant under the anisotropic Lifshitz transformations (2.7) if the coordinates transform in the following way:
18)
Here it seems that time scalings depend just on the critical exponent z, while the spatial coordinates x i scalings depend on both D and z; however it is worth mentioning that on the basis of the arbitrary character of z in the ansatz (3.10), it is straightforward to obtain scaling transformations where time also scales depending on the dimensionality D and the critical exponent z through the definition of a new dynamical exponent z = η(D)z, which in turn involves a change in the power of the scaling parameter λ in the transformation for the x i coordinates (3.19) . This means that more general anisotropic Lifshitz scalings are given by r −→ r = λ ± r, (3.20)
21)
The metric that corresponds to these scaling Lifshitz transformations reads
A generalization of this metric would involve different scalings for each of the x i coordinates, i.e. with different critical exponents z i .
The curvature scalar upon substitution of the metric functions f and p, and the expression for the curvature radius in (3.9), reads
here we note that the curvature scalar only depends on the dimensionality D, it is constant and negative for arbitrary values of the critical exponent z since the quotient is positive definite. There are several works where the squared mass and the curvature scalar depend on D and the dynamical exponent z as well (see for instance [1, 42] ) within the same theory. It would be interesting to find new solutions and/or the conditions under which these quantities acquire dependence on both D and z.
A Breitenlohner-Freedman bound for our Lifshitz field configuration
In spite of having a negative expression for M 2 , these values can be allowed in spacetimes with negative curvature if the field configuration is stable. Stability can be achieved when the squared mass satisfies the Breitenlohner-Freedman bound [43] that renders positive values for the energy of the system.
In particular, in order to find the Breitenlohner-Freedman bound for our case, we shall consider the spacetime given by the background (3.16) and the Proca equations without gravitational back-reaction, i.e., in the perturbative limit in which the massive vector field does not alter the structure of spacetime. Thus, the Proca equations
supplemented by the Lorentz gauge in curved spacetime
lead to the following field equations for A r , A t , and A i , respectively,
where A t = A t (t, r, x i ), A r = A r (t, r, x i ) and A k = A k (t, r, x i ). If we further consider, for simplicity, that the only non-zero component of the vector potential is A t (following [1, 42] ), then it follows from equation (4.4) that ∂ t A t = 0. Therefore, the field equation (4.3) for the component A t of the vector potential adopts the form (see [44, 45] for a similar treatment of the perturbed vector field in a curved bulk background within the braneworld paradigm):
Fourier transforming with respect to x i , the equation (4.6) becomes an ordinary differential equation
where k 2 = k i k i and the exact solution for this equation for general values of z is 8) where, c 1 and c 2 are integration constants, I ±α βr
represent modified Bessel functions of first class and order ±α, with
By expressing the modified Bessel functions of first class in terms of infinite series we have
Furthermore, in order to have real solutions, we require the order of the Bessel functions to be real, hence 13) by substituting the value of 2 given by (3.15) into this expession, we get 14) which is the extension of the Breitenlohner-Freedman bound for our Lifshitz spacetime.
In [42] the authors start from the Proca equations (4.1) and they consider only the electric component A = A t (r) dt on the bulk. By following them and using the metric given by (3.16), we find that A t (r) = c 1 r .
By substituting the value of 2 (3.15) into the radicand appearing in λ ∓ , we get the same Breitenlohner-Freedman bound (4.14) for the massive vector field. Following the same argument as for the AdS/CFT correspondence in [41] , one can interpret c 1 and c 2 as the normalisable modes for dual operators of Lifshitz dimension τ − + λ ∓ . The mass spectrum of our solution given by (3.13) satisfies the Breitenlohner-Freedman bound upon substitution into (4.14) in a straightforward way, rendering an inequality, (D + 1) 2 ≥ 0, which holds for any dimension D and yields a stable field configuration.
Conclusions and discussion
We have obtained a new family of exact solutions to the Einstein-Proca equations that have anisotropic Lifshitz symmetry, for any dimension D and arbitrary dynamical exponent z. Our function p(r), which multiplies dx 2 i in the metric and depends on the dimension D and the critical exponent z, gives rise to an interesting new family of solutions that is different than those currently reported in the literature where p = r ±2 . In addition, we have found that the squared mass of the Proca field turns out to be negative definite, supplementing the positive mass spectra so far reported in the literature and making it necessary to obtain a generalized Breitenlohner-Freedman bound for our theory. We obtained such a bound and showed that our mass spectrum respects it, yielding a stable and physically meaningful field configuration. We find that our curvature scalar is also negative definite, depends only on the dimensionality D and does not depend on a particular value of the dynamical exponent z. It would be interesting to obtain further generalizations of these Lifshitz backgrounds by looking for spacetime metrics in which each of the x i coordinates scale in a different way and lead to more general curvature scalars depending on both the dimensionality D and the critical exponent z. Under these conditions, the squared mass spectrum could be no longer negative definite and perhaps could contain both positive and negative stable modes. These issues are under current research. In order to be able apply Lifshitz holography to condensed matter systems one needs to understand in detail the correspondence existing between bulk fields and boundary operators, i.e. to establish a holograpic dictionary. However, this dictionary is very subtle and is not completely well understood for non-relativistic theories as the Lifshitz one. Recent progress on this issue show that holographic models describe universality classes of Lifshitz theory at strong coupling and the holographic dictionary was used to deduce universal properties of certain Lifshitz systems [1] . It would be interesting to determine whether the negative character of the squared mass spectrum of our solution introduce some subtleties within a given dual field theory.
